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We propose a novel general approximation to transform and simplify the description of a complex fully-quantized
system describing the interacting light and matter. The method has some similarities to the time-dependent Born-
Oppenheimer approach: we consider a quantum description of light rather than of nuclei and follow a similar separation
procedure. Our approximation allows to obtaing a decoupled system for the light-excited matter and ”dressed” light
connected parametrically. With these equations at hand, we study how intense light as a quantum state is affected due
to the back-action of the interacting matter. We discuss and demonstrate the possibility of the light-mode entanglement
and nonclassical light generation during the interaction.
Motivation.– Light is a unique tool to control and probe
the world of matter/particles because of its fascinating prop-
erties: nowadays, technologies allow to generate, measure,
and control light radiation at extremely precise level, both on
spatial and temporal scales. This opens extraordinary pos-
sibilities to explore the quantum nature of our world at the
micro/nanometer spatial scales, attosecond time scales, and
possibly will bring some new quantum phenomena to macro-
scopic level. The quantum-mechanical description of both,
the matter (charged particles) and the electromagnetic radia-
tion is universal: within conventional non-relativistic quantum
theory, everything can be described by the total wave func-
tion which is a solution of the corresponding time-dependent
Scrödinger equation (TDSE) with a complete Hamiltonian
including all the interactions. Since light is a quantum
object1, the complete and consistent treatment requires a
fully-quantum description for the whole interacting system in-
cluding both, the charged particles and the light modes. It is
known that the calculation of the complex quantum problems
is a very complicated issue, especially for strongly interacting,
multidimensional systems. Here, we present a novel theoret-
ical method which simplifies the problem significantly, while
still taking various purely quantum properties into account.
One of the most general and rigorous approaches which
combines classical electrodynamics (non-relativistic for the
particles) and quantum principles within the time-dependent
Schrödinger equation (TDSE) employs the so-called Pauli-
Fierz Hamiltonian (PFH), see2 and equation (1), below. This
Pauli-Fierz Hamiltonian contains the description of the dy-
namics of the charged particles coupled with the electromag-
netic fields in a fully quantum way. This unifies Maxwell’s
equations and Newton’s equations at the fully quantum de-
scription. Within this theory, it is possible also to include
the spin of the particles and several semi-relativistic effects3,4.
The possible solutions of this TDSE could open various op-
portunities for applications ranging from new sources of light
or states of quantum matter to unique pure quantum collec-
tive effects. Recent experiments demonstrate some surprising
quantum collective phenomena beyond classical
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or even semiclassical pictures5,6.
The paper is organized as follows: we start with the TDSE
description with the PFH. Next, we derive the related sim-
plified system of the parametrically-connected equations. Fi-
nally, we consider selected examples/solutions and discuss the
consequences and the possible applications.
General description of the light-matter interaction.– The
total Hamiltonian for the charged particles (numbered with
indices k and k′ ) and the multi-mode electromagnetic field
(modes numbered with index j) in the Schrödinger represen-
tation with Coulomb gauge reads as follows (known as Pauli-

















ω jN̂ j . (1)
Here, ek and mk are the charges and masses of the particles
with index k , ∑
k k′
Uk k′ includes particle-particle mutual inter-
actions, as well as interaction of each particle with external
longitudinal fields. Each mode j of the electromagnetic field
is quantized via the term ω jN̂ j in the Hamiltonian. This is
the most general formulation, without including spin (which
can be extended separately within Pauli-Fierz Hamiltonian)
within a non-relativistic description of matter (particles).
The idea of parametrical-connection approximation: Based
on the PFH, we first consider the quantum interaction of two
objects of different nature (one electron and the light field)
having the total Hamiltonian of the form: Ĥ = Ĥe + Ŵint +
Ĥ f ield . We also consider that the initial state of the whole
system is of the form: Ψ0(x,q) = F0(x)⊗ G0(q), where x
is related to the electronic coordinates and q is related to













, it is reasonable to as-
sume that the quantum state of the light field changes rel-
atively weakly during the interaction compare to the initial
state G0(q) since the interacting electron is a small pertur-
bation to the strong field. This leads to the idea of the fol-
lowing (full first-order) approximation of the total solution:
Ψ(x,q, t) ≈ F(G0)(x,q, t)⊗G(F)(q, t), with the error propor-









signficant simplification in the following is that the solution
for the electronic subsystem F(G0)(x,q, t) is obtained from the
TDSE with only local operators on q (there are no derivatives),
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i.e. it is an effectively one-object TDSE with parametrical q-
dependance. The corresponding q-derivatives can be trans-
formed to the simple q-dependent expressions using a non-
perturbed G0(q) within this first-order approximation. Thus,
we transform the initial two-object TDSE to a simplified sys-
tem of two equations, one for the F(G0)(x,q, t), where q is a
parameter, and other for the field-state evolution G(F)(q, t)
including a small electron back-action via F . The detailed
derivation of the system for coherent (Gaussian) initial state
of the intense light is given below. The weaker approxima-
tion: Ψ(x,q, t)≈ F(x,{q}, t)⊗G0 leads immediately after the
field-state averaging of the total Hamiltonian in the high pho-
ton number limit to the known (fixed-amplitude) classical field
limit7.
Detailed derivation of the general approximation: We
first consider one particle - electron interacting with an ar-
bitrary given configuration of propagating electromagnetic
plane waves. A similar problem statement was recently
considered for a cavity-photon Hamiltonian in the dipole
approximation8. We note, our approach can be transformed
for more complex systems with many particles, as well as
for more specific ones. (atomic units h̄ = me = |e| = 1 are
used in what follows). We use the coordinate representa-
tion of the field operators9–11, with the creation and annihi-




q j − ∂∂q j
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and the field dynamical coordinate q j. We assume that the
initial state (at the time t = 0) of each mode j is coherent:










being an initial arbitrary average number of photons, and θ j
is initial phase (see Appendix). In this case, if we apply the
following transformation ∏
j
exp[−i(ω jt + θ j)N̂ j ] (see also9)
to the general TDSE with Hamiltonian Eq.(1), we obtain the
TDSE in the interaction picture with phase-dependent field
operators and phase-independent mode states:










+U(~r, t) . (2)
The initial state for each mode j of the light field in this










TDSE for the field states in vacuum is iĠ vacj = 0, and the
quantized field vector potential operator reads:
~̂A j =~χ j β jq j cos(~κ j~r−ω jt −θ j)
− i~χ j β j
∂
∂q j
sin(~κ j~r−ω jt −θ j) ,
(3)
where ~χ j are polarization vectros (linear in this case), and
β j = c
√
2π/ω jV are parameters (with the same dimension-
ality as A j) which depend on quantization volume V , accord-
ing to the conventional plane-wave quantization procedure9.
In our case, when the initial mode state is a coherent state,
each β j parameter naturally connects the field mode am-
plitude A0 j and the initial average photon number in this
mode N j as follows A0 j = β j
√









2 . A typical laser pulse, which is finite in
space and time and consists of a number of modes, can be
described in terms of an effective quantization volume Ve f f .
This volume is related to the sizes of the radiation focusing
area and the effective interaction volume, see also9,12. Based
on the estimations for the number of relevant experiments
with strong laser pulses interacting with gases or solids, where
quantum-optical effects are measurable5,6, the effective values
are (β j/A0 j)∼ 10−7 or even much less. These parameters are
also responsible for the quantum dispersion of the quantized
radiation in the presence of charged particles, see13. We refer
β j as the fundamental scaling parameters for the correspond-
ing light-matter interaction problem, when E0 j ≪ Eatomic in
the optical wavelength range. Due to its very small values, we
may conclude from Eq.(2) that even in a strong-field case, the
back-action of one electron to the light-mode wavefunction
is small and depends somehow on β j. Therefore, the state of
electromagnetic field G(q j, t) is affected as G≈G0+∑O(β j).
Finding the equation for G is a key point of our study.
It was rigorously demonstrated that the solution of the two-
component TDSE with an arbitrary Hamiltonian can be writ-
ten as a product two special wavefunctions each satisfying the
normalization condition, see14 for full details. In our case, it
leads to the following exact factorization: Ψ = Fex(~r,q j, t) ·
Gex(q j, t), with the related system of equations for the Fex and
Gex of the same complexity as the original TDSE, see also
14.
Instead, based on our previous considerations regarding the
dependance on parameters β j, we consider the solution of
Eq.(2) of the form Ψ≈FG0(~r,q j,β j, t) ·G(q j,β j, t)+∑O(β sj ).
In our approximation, we have the same form of the solu-
tion with the same partial normalization conditions: 〈F|F〉 =
∫
|F(~r,q j, t)|2d3r ≡ 1, 〈G|G〉 =
∫
|G(q j, t)|2[d q j] ≡ 1. The
representation is not unique since one can construct others
one by choosing Ψ= F(~r,q j, t)e
iχ(q j,t) · G(q j, t)e−iχ(q j ,t) with
an arbitrary function χ(q j, t) matching the initial condition at
t = 0, see also14. In order to have a uniqueness of the rep-




= 0, which is often referred to as a static gauge of the
factorization7.
Using the considered form of the solution, we can write:
iΨ̇ = iḞG+ iFĠ = Ĥ FG , (4)











F − iφ F , (5a)
since: G = G0 +∑
j













= 0 . (5b)
From this it follows that in a first step of a reasonable ap-
proximation, for the electron subsystem, we may use β j-
independent states of light modes for the approximation of
the vector potential operator. Thus, we can exclude the non-
local operator ∂∂q j
in the equation for the electron subsys-
tem (since β j
∂
∂q j
F ∼ β 2j ), having instead a simple local op-
erator as follows: β j
∂
∂q j
→ {β jG−10 j ∂∂q j G0 j}. Starting from
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Eq.(5a), we assume that G(q, t) does not have zeros within a
time interval of consideration. This can be in the case when
one starts with coherent state and considers conditions of rel-
atively small deviations, leading for example to the various
nonclassical/squeezed states. Otherwise the procedure can
be modified in a way that instead of Eq.(5a) we can write
iGḞ = Ĥ G0F − iĠF with the similar subsequent related con-
siderations. The described approach allows us to decouple the
total system Eq.(2) and separate the equations for the elec-
tronic subsystem and ”dressed” light subsystem via β j para-
metrical connections. We obtain finally for the quantum light-
electron interaction problem:












+U(~r, t) , (6a)









where ~Aparj = ~χ j{β jq j}cos(~κ j~r − ω jt − θ j) −
i~χ j{β jG−10 j ∂∂q j G0 j}sin(~κ j~r − ω jt − θ j) is a field vector
potential operator which depends on q j-expressions and
a set of scaling parameters {β j}. In the strong-field case
with coherent initial state of light, when N j ≫ 1 (and
consequently 〈q j〉 =
√
2N j ≫ 〈 ∂∂q j 〉 = 0), we can simply
write ~Aparj = ~χ j{β jq j}cos(~κ j~r − ω jt − θ j) noting that this
is nothing else than the parametric description of classical
vector potential ({β jq j} corresponding to the mode ampli-
tudes in the classical description). This description however
connects naturally both subsystems: the interacting electron
subsystem F with field parameters {β jq j}, and the "dressed"









. The error of our first-order approximation
in this case is proportional to some combination of β 1j .
Now, let us apply our approach to some simple model
cases of light-electron interaction. We consider the strong-
field case, when N j ≫ 1. For simplicity, we consider also
the so-called dipole approximation when the dependence of
the vector potential on the coordinate is neglected, since
|~κ j(~r − 〈~r〉0)| ≪ 1, which is common for the interaction in
the optical wavelength range.
First, let us consider a non-bound electron wave packet
(U(~r, t) ≡ 0), localized in some region of space with initial
momentum 0. Then, the system of Eqs.(6a-6b) can be solved
analytically:






























Eq.(7a) describes the dynamics of the electronic wave packet




j ({β jq j}, t) while
Eq.(7b) gives the correction to the initial field state G({q j},0)
due to the interaction with the electron. The solution of
Eq.(7b) includes terms exp(di j(t)qiq j) (where di j(t) are some
time-dependent functions), thus it demonstrates entanglement
between different modes during the interaction. In case of a
one-mode field, the solution of Eq.(7a-7b) corresponds to the
closed-form solution15 with a relative error ∼ β 2.
Let us now consider the more complicated case, when
the electron is bound in a quadratic potential U = u(t)x2.
This situation can be related to some model bound potential
(u(t) = const) or to the problem of an electron in magnetic
fields (time-independent or time-dependent). Since, in that
case, the total Hamiltonian ĤP for the interacting system is
quadratic, the solution for Φ can be obtained analytically. The
analysis of the solution is beyond the scope of this article,
however the main exponential part of the solution is evident:














where the coefficients a j(t), b j(t), di j(t) depend on the ini-
tial states of the modes, initial state of the electron, and u(t).
We would like to emphasize that the parameters of the expo-
nential part Eq.(8) can be controlled by external parameters in
various ways. This means that depending on the conditions
and the binding potential, one can generate nonclassical states
of light. In particular, when (a j < − 12 ), it is possible to ob-
serve amplitude-squeezed states. It is possible to obtain also
multi-mode squeezed states of different types.
Finally, we would like to note our approximation in the con-



































This system can be further used to unify various multi-
electron theories (for example band structure theory) with
quantized light description for the strong-field interaction
problem. The noticeable difference with the one-electron con-






2 , where Ne ·We is the total oscillating
energy of charged particles. Although, in many relevant cases
it still can be very small, in some other cases, higher order
approximations may be necessary.
——————————–
Conclusions.– We present an approach which opens the
possibilities to simplify and further study some quantum
phenomena in interaction of light with complex quantum sys-
tems. This approach is analogous to the BO-approximation
for the multi-system interactions of different nature, including
possible non-local interactions. The general scheme can be
4
further improved by additional subsequent steps beyond the
considered first-order approximation. Our approach can
be applied to the general light-matter interaction problem
and the various related particular problem. We obtain a
system of equations connected parametrically which allows
to simplify the problem significantly. We demonstrate multi-
mode and light-electron entanglement during the interaction,
and the possibility to generate nonclassical states of light.
Our approach can explain recent experiments with intense
interacting light5,6 and shed light to some related phenomena
towards strong-field quantum optics and beyond.
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APPENDIX: COHERENT STATE DETAILS
We consider the following function:































where q is a parameter of the light wave function (light state
internal "coordinate"); Θ is an arbitrary given real number
(phase of the light wave, see later); N0 is an arbitrary given
constant (average photon number, see later); ω is an arbitrary
given frequency of the light mode. This function is called
quantum coherent state of the plane wave light mode in coor-
dinate representation because of its following properties:
1) It is an exact solution of the following Schrödinger equa-
tion:








Ψc(q, t) , (11)
which describes the time-dependent states of a light plane
wave with frequency ω propagating in vacuum. Note, this
is a Schödinger representation of Schrödinger equation.




|Ψc(q, t)|2dq ≡ 1.





















































2N0 sin(ωt −Θ) , (13b)
〈~̂A〉c = x0 β
√
2N0 cos(ωt −Θ−κz)









Ψ∗c(q, t) R̂Ψc(q, t)dq.
Finally, we note that â Ψc = e
−iωt+iΘ√N0 Ψc establishing a
connection with the definition of the canonical coherent state
in Schödinger representation9.
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